UNIVERZITET U NOVOM SADU

sc) o FAKULTET TEHNICKIH NAUKA

“ KATEDRA ZA AUTOMATIKU I UPRAVLJANJE
SISTEMIMA

Primeri mehanic¢kih sistema

Modeliranje i1 simulacija sistema
Upravljanje, modelovanje i1 simulacija sistema



Matematicko klatno

Aksijalne sile — Il Njutnov zakon:
mlf + mgsinf = 0

9'+%sin9 =0

g
.
®
P




Dvostepeno matematicko klatno

LagranZeve diferencijalne jednacine drugog

reda
i % _0Ek+6Ep:O
dt \ dq dqg 0Jq

q - generalisana koordinata

Kineticka energija:
1 1
E, =Ep +Epxp = Emlvlz + Emzvg =

1 . . 1 . .
~my(f + yi) +5mp (35 + 5)

Potencijalna energija:
Ep =Epr + Epy = mg(—=y1) + myg(=y2)



Dvostepeno matematicko klatno (2)

Generalisane koordinate su: 64 i 9,
Smene:
xq1 = l;sin 6, vy, =l cos By,
X, =1lysinf; +1,sinf,, vy, =1;cosb; + [, cosH,

Lagranzeve jednacine:

d (0E,\ OE, . OE, )
dt\oé,) 06, 096,
d (0F 0E, OE
—(=5)-=L+L=0
dt\ag,) 96, a6,

... (traZzenje izvoda 1 sredivanje)



Dvostepeno matematicko klatno (3)

Model sistema:
(my + my)0;6; + m,1,0, cos(6; — 6,)
+ m,1,0% sin(8; — 6,) + (m; + my)gsinf; =0

m,l,6, + myl,0 cos(0; — 6,) — m,l,6% sin(6; — 6,)
+m,gsinf, =0

Za male uglove je:
cos(f; — 6,) = 1,sin(6; — 6,) = 0,
sinf; = 64,sin6, = 0,
Model postaje:
(my + my) 110, + myl,0, + (my +my)gb; =0
m,l,0, + myl,0; + mygl, = 0.



FiziCko dvospetepno klatno

Kineticka energija:
Ex = Eg1 + Ex2
1 .,
Ey1 = 5]191

1 - 1 o "o
Ey, = 51292 +Em2(x2 + ¥3)

Potencijalna energija:
Ep = Epl + EpZ =m19(—y1) + meg(—y2)




FiziCko dvospetepno klatno (2)

Generalisane koordinate su: 64 i 9,
> Smene:

x X, =dqsinfq, y, = dq cos 0,
X, =1lysinf; +d,sinf,, y, =1,cosf;+ d,cosb,

Lagranzeve jednacine:

d (0E,\ OE, . OE, )
dt\oé,) 06, 096,
d (0F 0E, OE
—(=5)-=L+L=0
dt\ag,) 96, a6,

... (traZzenje izvoda 1 sredivanje)



FiziCko dvospetepno klatno (3)

Model sistema:
J101 + m,126, + m,l,d,60, cos(6; — 6,)
—m,lyd,0, (91 — 92) sin(6; — 6,)
+m,l,d,0, 6, sin(6; — 6,) + m,gd,sin(6;)
+ m,gli;sinf; =0

jzéz + mzd%éz + mzlldzél COS(Ql — 02)
— mzl1d2Q1(e1 — 92) sin(6; — 6;)
- mzlldzel 92 Sin(91 - 92) + ngdz sin 92 — O

Za male uglove je:
cos(f, — 0,) = 1,sin(6; — 6,) = 0,
sinf; = 6,sin6, = 0,
Model postaje:
llél + mzl%él + mzlldzéz + mlgd191 + ngl191 =0
jzéz + mzd%éz + mzlldzél + ngd292 — O



Dvostepeno fizicko klatno od Stapova

l1=l2=l, d1=d2=é, mp =m, =m,
Ji = gmlz, ) = %ml2
Model

. 3. - 9g

01 +3 16, cos(6, — 0,) + 0% sin(6; — 6,)] + 5 SN0 =0

. 3. . 3

6, + 5161 cos(8; - 6) — 62 sin(6; - 6,)] + 2—‘?sin 6, =0
Mali uglovi

6, + Sé +9g 6, =0
o g™ gl 7t

6 +3é +3g9 =0
e TR



Amortizer



Matematicki model

L 1(D)

K. X <
C-X ¥

m-X =~

Na osnovu Dalamberovog zakona

D =0

mX +cX + kx = f (1)



Nema pobudne sile

mX+cx+kx=0, x(0)=x,, X(0)=yv,

y . k
X+ 20w X+ x=0, @,=.—,
m

Karakteristi¢na 2 2
jednagina: ST+ 2605+ =0
— 2
S0 = =00 T @y¢ " 1
D=¢2-1

D > 0, tj. £> 1 daje aperiodic¢an odziv
D =0, tj. £ =1 daje kriticno-aperiodican 0dziv

D <0, tj. 0 < £'< 1 daje periodiéan odziv

< homogena jednacina




Aperiodi¢an odziv: > 1
AnalitiCko reSenje

X(t) = q,e™ +q,e™

d, 1 d, se odreduju na osnovu pocetnih vrednosti X, 1 v,

Slxo o Vo

s, 0 s,0 —
X, =™ +0,2 =0, +0, 0, =X+ s o
d » L
v, =—X() =09,5,+0,S, __S% =V,
dt 0
S1_52




Aperiodic¢an odziv: £>1
Simulacija

m=10; c=5;

X =1[]; ksi = []; we=[];

for k = [0.1 9.2 0.3 0.4 0.5 0.6]
ksi = [ksi c/2/sqrt(m*k)];
wo = [wO sqrt(k/m)];
[t,x]=0ded45(@oscil2,[0©:100],[1;0],[],m,c,k);
X = [X x(:,1)]1;

end 1p : : : :
plot(t,X) 0.0\
07~ |\
|\ \\
06l || \
0.5+ \ \
0.4 \ \\\\\
0.3 \ \
\ \\ \\
function xp = oscil2(t,x,m,c,k) 0.2 \ N
Xp = [ x(2) 0.1+ \ S ) —
-c/m*x(2)-k/m*x(1) 1; b e




Aperiodi¢an odziv: {>1

>> wo
wo =

0.1000 0.1414 0.1732 0.2000 0.2236 0.2449
>> ksi
ksi =

2.5000 1.7678 1.4434 1.2500 1.1180 1.0206
>> D = ksi.”2-1
D =

5.2500 2.1250 1.0833 0.5625 0.2500 0.0417
>> s1 = -ksi.*w0@ + we.*sqrt(ksi.”2-1)
sl =

-0.0209 -0.0438 -0.0697 -0.1000 -0.1382 -0.2000
>> s2 = -ksi.*w@ - wl@.*sqrt(ksi.”2-1)
S2 =

-0.4791 -0.4562 -0.4303 -0.4000 -0.3618 -0.3000



Kriti¢no-aperiodi¢an odziv: {=1
AnalitiCko reSenje
X(t) = (g, + d;t)e™

d, I 9, se odreduju na osnovu pocetnih vrednosti X, 1 v,

%= 0, =X,
d

Vo =—X(t)] =0, -q, E> 0, = Vo + @y X,
dt t=0



Kriti¢no-aperiodi¢an odziv: =1
Simulacija

m=10; c=5;

X =1[]; ksi = []; we=[];

for k = [0.6 0.625 0.65]
ksi = [ksi c/2/sqrt(m*k)];
wo = [wl sqrt(k/m)];
[t,x]=0ded45(@oscil2,[0:100],[1;0],[],m,c,k);
X = [Xx(:,1)];

end 1.2

plot(t,X)

>> min(X)
ans =
1.0e-006 *
0.0130 0.0024 -0.1793

r r r r r r r r r
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Kriti¢no-aperiodi¢an odziv: =1

>> ksi
ksi =

1.0206 1.0000 0.9806
>> wo
wo =

0.2449 0.2500 0.2550
>> D = ksi.”2-1

D =
0.0417 (%] -0.0385
>> sl=-ksi.*w0+w0.*sqrt(ksi.”2-1)
sl =
-0.2000 -0.2500

>> s2=-ksi.*w0-w0.*sqrt(ksi.”2-1)

s2 =
-9.3000 -90.2500

-0.2500 + 0.05001

-0.2500 - 0.05001



Periodic¢an odziv: 0 <{<1
AnalitiCko reSenje

X(t) = e~ (q, coswt +q, sinw,t), @, =w,[1-,°

d, 1 g, Se odreduju na osnovu pocetnih vrednosti x, 1 v,

X, =0, 0 = %

d 1
Vo:ax(t) = —¢y0; + @40, E> G, = — (Vo + S X,)

t=0 Wy



Periodi¢an odziv: 0 <{ <1
Simulacija

m=10; c=5;

X =1[]; ksi = []; we=[];

for k = 0.65:0.5:4

ksi = [ksi c/2/sqrt(m*k)];
wo = [wO sqrt(k/m)];
[t,x]=0ded45(@oscil2,...

[0:50],[1;0],[]1,m,c,k);

X = [X x(:,1)];

end

plot(t,X)

>> min(X)
ans =

0.0000 -0.0325 -0.0860

-0.4°%

-0.1338

-0.1745

-0.2094

35 40 45

-0.2397

50



Periodi¢an odziv: 0 <{<1

Simulacija
>> ksi
ksi =
0.9806 0.7372 0.6155 0.5392 0.4856
>> wo
wo =
0.2550 0.3391 0.4062 0.4637 0.5148
>> D = ksi.”2-1
D =
-0.0385 -0.4565 -0.6212 -0.7093 -0.7642
>> sl=-ksi.*woO+w0.*sqrt(ksi.”2-1)
sl =
-0.2500 + 0.05001 -0.2500 + 0.22911i -0.2500 +
-0.2500 + 0.39051i -0.2500 + 0.45001i -0.2500 +
-0.2500 + 0.55001
>> s2=-ksi.*w0-w0.*sqrt(ksi.”2-1)
S2 =
-0.2500 - 0.05001i -0.2500 - 0.22911i -0.2500 -
-0.2500 - 0.39051i -0.2500 - 0.45001 -0.2500 -

-0.2500 - 0.55001

0.4454

0.5612

-0.8016

0.32021
0.50251]

0.32021
0.50251

0.4138

0.6042

-0.8288



NepriguSene oscilacije

m=10; c=0; k=2;
[t,x]=0ded45(@oscil2, [0 100],[1;0],[],m,c,k);

plot(t,x)
ksi = c/2/sqrt(m*k)
wo = sqrt(k/m)
wd = wo * sqrt(l-ksin2)
T = 2*pi/wd % perioda oscilacija
1
ksi = o8
(%] 0.6
wo = 0.4
0.4472
Wd _ 0.2
0.4472 0|
T = ||
0.2 ||
14.0496
0.4
-0.6
-0.8

-1t




PriguSene oscilacije

m=10; c=1; k=2;
[t,x]=0ded45(@oscil2, [0 100],[1;0],[],m,c,k);
plot(t,x)

ksi = c/2/sqrt(m*k)

wo = sqrt(k/m)

wd = wo * sqrt(l-ksin2)
T = 2*pi/wd

0.8

ksi = 80
0.1118

wo =
0.4472

wd =
0.4444
T =
14.1383

_0. 8 L r r r r r r r r r r
0 10 20 30 40 50 60 70 80 90 100



Pobuda nije nula

mX + cX + kx = F cos(at) problem

X(t) = x, (1) + X (1) oblik reSenja

partikularni deo 5

X, (t) = Asin(wt) + Beos(awt), A= za)CzF -, B= Alk — @"m)

(k —@°m)° + (ac) C

homogeni deo , K c
% 1 CX — X+2bx+a°x=0, a=,—, b=—

mX +cX +kx =0 m om

karakteristicna jednacina

s +2bs+a‘=0 51,2=—l~”“_L‘\/bz—<512=—b$\/B

D>0 daje aperiodian odziv Xp (t) = 0, +g,e™

b bt

D=0 daje kriti¢no-aperiodi¢an odziv X (t) = q,e ™™ + q,te”

D<0 daje periodi¢an 0dziv X, (t) = e~ (q, cosat +q, sinat),a = v— D



Resenje - konkretno (2)

Zadato: m=10kg, c=5kg/s, w=2rad/s I

U pocetnom trenutku teg se nalazi na rastojanju Im od ravnoteznog

polozaja 1 nema brzinu.

a) k=0.5, F=0;

b) k=10/16, F=0; MX + cX + kx = F cos(at)
c) k=4, F=0;

d) k=0.5, F=10N;

e) k=10/16, F=10;

f) k=4, F=10

Kretanje sistema posmatrati tokom prvih 40 sekundi.

Smene:

Xy (t) = X(t) X1 (t) = X5 (t)

X5 (1) = X(t) X, (t) = %cos(a)t) —% X, (t) —% X4 (t)



Matlab reSenje

function xp = oscil(t,x,F,m,w,c, k)
xp = [ x(2); F/m*cos (w*t)-c/m*x(2)-k/m*x (1) 1;

function testosc(m,c,k,F,w,Tk)
x0 = [1; O]

t = 0:Tk/1000:Tk;

b =c¢/2/m;, a = sqgrt(k/m);

D = b*"2-a"2;

disp(['D=', num2str (D) ])

A = w*c*F/ ((k-w"2*m) "2+ (w*c) ~2) ;
B = A/w/c*(k wh2*m) ;
(w

o\°

pocetno stanje, x(0)=1, v=0
vremenska osa
mx"2+cx+k==x"2+2bx+a”?2

o\°

o\°

Xp = A*sin t) + B*cos(w*t); % partikularno resenje
if D> 0

disp('prosti, razliciti polovi')

sl = -b+sqgrt (D) ;

s2 = -b-sqgrt (D) ;

q = [1 1; sl s2] \ (x0-[B;w*A]);
xh = g(l) *exp(sl*t)+g(2) *exp(s2*t) ;

elseif D ==
disp ('dvostruk pol')
qg=[10; -b 1] \ (x0-[B;w*A]);

xh = (g(l)+g(2)*t) .*exp(-b*t);



else
disp ('konjugovano-kompleksni polovi')
a = sqrt(-D);
g = [10; -b al] \ (x0-[B;w*A]);
xh = exp(-b*t) .*(g(l)*cos(a*t)+g(2) *sin(a*t));
end
X = xp + xh; % part. + homogeno res.

[ts,xs] = ode23(@oscil, [0,Tk],x0,[]1, F,m,w,c,k);

figure (1)

plot(t,x,'r',ts,xs(:,1),'b.-"), title('Tacno 1 sim. resenje')
% crtanje razlike

xl=interpl (t,x,ts); % postavi resenja u isto vreme
figure (2)

plot(ts, [xs(:,1)-x1]), title('razlike')

W
testosc( 10, 5, 0.5, 0, 2, 40 ), pause
testosc( 10, 5, 10/16, 0, 2, 40 ), pause
testosc( 10, 5, 4, 0, 2, 40 ), pause

)

2

2

2

o® o o\
o

disp('Prinudno oscilovanje'
testosc( 10, 5, 0.5, 10,
testosc( 10, 5, 10/16, 10,
testosc( 10, 5, 4, 10,

, 40 ), pause
, 40 ), pause
, 40 )

o® o° o\
()



Rezultati

Priguseno oscilovanje

« D=0.0125

prosti, razliCiti polovi

° D:O
dvostruk pol

« D=-0.3375

konjugovano-kompleksni

polovi

0.8

0.6

0.4

0.2¢

0.8

0.6

0.4r

0.2r

-0.5

Tacno resenje i simulacija

10 20 30 40

Tacno resenje i simulacija

10 20 30 40

Tacno resenje i simulacija

10 20 30 40

x 10™ razlike

0 10 20 30 40

x 10™ razlike

0 10 20 30 40

x 10~ razlike

0 10 20 30 40



Rezultati (2)

Prinudno oscilovanje

D=0.0125

prosti, razliCiti polovi

D=0
dvostruk pol

D=-0.3375

konjugovano-kompleksni

polovi

-0.5

Tacno resenje i simulacija

15

0.5¢

Tacno resenje i simulacija
1.5
1
0.5
0r b
-0.5 - =
0 10 20 30 40

A b N B o N

x 10™ razlike

0 10 20 30 40

x 10™ razlike

oo

0 10 20 30 40

x 10™ razlike




Odziv usled pocetne vrednosti 1 pobude

m=10; c=5; k=2; tk=50; tout=0:0.1:tk;
[t,x]=0ded45(@oscil3,tout,[1;0],[],m,c,k,0,0,0); x1=x(:,1);
[t,x]=0ded45(@oscil3,tout,[0;0],[],m,c,k,4,0,0); x2=x(:,1);
X3 = x1 + X2;

[tr,xr]=ode45(@oscil3, [0 tk],[1;@0],[],m,c,k,4,0,0);
plot(t,[x1 x2 x3], tr,xr(:,1),"'.")

function xp = oscil3(t,x,m,c,k,f0,f,w)
xp = [ x(2); (fo+f*cos(w*t))/m-c/m*x(2)-k/m*x(1) ];

25 : : : L L L L L L
mX+cX+kx=F, =4 I~

X(O) = XO = l 2r /,/” ——————————————————— .
X(0) = Vo =0 15 i

o.5ﬁ\
/

_05 r r r r r




Odziv usled slozene pobude

m=10; c=5; k=2; tk=50; tout=0:0.1:tk;
[t,x]=0ded45(@oscil3,tout,[0;0],[],m,c,Kk,
[t,x]=0ded45(@oscil3,tout,[0;0],[],m,c,Kk,
X3 = x1 + x2;

[tr,xr]=ode45(@oscil3, [0 tk],[o;0],[],m,c,k,4,1,0.5);
plot(t,[x1 x2 x3], tr,xr(:,1),"'.")

9,1,0.5); x1=x(:,1);
4J@J@); X2=X(:J1);

function xp = oscil3(t,x,m,c,k,f0,f,w)
xp = [ x(2); (fo+f*cos(w*t))/m-c/m*x(2)-k/m*x(1) ];

2.5 T T [ T [ T T U T
mX + cX +kx = Fy + F cos(wt)
x(0)=0 il
X(O) =0 151 [/ .




Nelinearan model (1)

function xp = oscil4(t,x,m,c,k,f0,f,w)
kl=k/8*x(1)"3;
xp = [ x(2); (fo+f*cos(w*t))/m-c/m*x(2)-k1/m ];

m=10; c=5; k=2;

tk=50; tout=0:0.1:tk;

[t,x]=0ded45(@oscil4, tout,...
[1;@]J[]Jm-‘c)k)@)@)@);

[1;0],[1,m,c,k,4,0,0);
plot(t,[x1 x2 x3],tr,xr(:,1),"'.") .

x1=x(:,1); 3.5r T I T .
[t,x]=0ded45(@oscil4, tout,... N\

[6;0],[1,m,c,k,4,0,0); T *
X2=x(:,1); N -
X3 = X1 + Xx2; /

[tr,xr]=o0de45(@oscil4, [0 tk],... N .
x

mX’+c>’<+%x3 —F, =4

X(0) =x, =1

X(O):VO:O 0 5 10 15 20 25 30 35 40 45 50




Nelinearan model (2)

function xp = oscil4(t,x,m,c,k,f0,f,w)
kl=k*x(1)"~3/8;
xp = [ x(2); (fo+f*cos(w*t))/m-c/m*x(2)-k1/m*x(1) ];

m=10; c=5; k=2;

tk=50; tout=0:0.1:tk;

[t,x]=0ded45(@oscil4,tout,...
[6;0],[],m,c,k,0,1,0.5);

Xl:X(:)l); 35. L L L L
[t,x]=0de45(@oscil4d, tout,... 3l
[0;0],[],m,c,k,4,0,0);
x2=x(:,1); 2.5
X3 = x1 + x2;
[tr,xr]=ode45(@oscil4d, [0 tk],... T
[0;0],[1,m,¢,k,4,1,0.5); ;|
plot(t,[x1 x2 x3],tr,xr(:,1),"'.") 4
18
K ]
K+ CX+ 2 x*> = F, + F cos(at) os -
O -
X(0)=0 Jé//\\\\\u////ﬁX\\\\J////ﬁ\\\\x/////j\\\\L/

X(O):O o 5 10 15 20



Padobranac



Model padobranca

m%+kv2 =mg, v(0)=0

k=1p(CsP,+C,P,)

Slobodan Padobran Padobran Padobran Normalno
pad seizvlaCi  se naduvava se prenaduvao spustanje
| i i i i
0 ty t, t, t
Skok Otpustanje  Usporavanje

padobrana



Parametri modela

2 | b | b | h | I m 6 b bt
43.8m? 05m? 01m? 178m 896m 97.2Kkg 10s 10.5s 11,5s  13.2s

Povrsina Povrsina Povrsina Visina Duzina TezZina Vreme 0 Vreme 1 Vreme 2 Vreme 3

padobrana padobranca padobranca padobranca kanapa padobranca
horizontalna vertikalna

5 t-t,
( 1.95h,, t<t, A(t)=ape 20
1.95b, +0.35b1 ==, t,<t<t (-t
k=1p]0.350h+1.33A(t), t <t<t, Ao() =2 “ﬂls'”(” 3_t2J
0.35b,h+1.33A,(t), t,<t<t, ~ 1.95b, +0.35b, (1 -h)
| 0.35bh+1.33a,  t,<t %= 1.33
O



Simulacija padobranca

function vprime=f(t,v, a_1,b 0,b 1,h,1,m,t ©,t 1,t 2,t 3,g,beta 0,beta_1,alpha _0)
k = kfunction(t,a 1,b ©,b 1,h,1,t ©,t 1,t 2,t 3,beta 0,beta _1,alpha 0);
vprime=g-k*v.”2/m;

function k = kfunction(t,a_1,b O,b 1,h,1,t O,t 1,t 2,t 3,beta 0,beta 1,alpha @)
if t<=t_o
k = ©.5%(1.95%b_0);
elseif t o<t & t<=t 1
k = ©.5%(1.95%b_0+0.35*b 1*1*((t-t 0)/(t_1-t 0)));
elseif t 1<t & t<=t 2
A _1=alpha_0*exp(beta_0*(t-t_1)/(t_2-t_1));
k = ©.5%(0.35%b_1*h+1.33*A_1);
elseif t_2<t & t<=t_3
A 2=a 1*(l+beta_l1*sin(pi*(t-t_2)/(t_3-t_2)));
k = ©.5%(0.35%b_1*h+1.33*A_2);
else
k = 0.5*%(0.35*b_1*h+1.33*%a_1);
end



Simulacija padobranca (2)

t 0=10; t 1=10.5; t 2=11.5; t 3=13.2;
g=9.81;

beta 1=0.15;
alpha_0=1.95*b_0+0.35*b_1*(1-h)/1.33;
beta ©=1og(a_1/alpha 0);

tspan=[0,30];
init=0;
[t,v]=0ded45(@f,tspan,init,[],...
al,b o,b 1,h,1,m,t 0,t 1,t 2,t 3,g,beta O,beta 1,alpha 0);

% racunanje ubrzanja

for i=1:length(t)
k=kfunction(t(i),a 1,b ©0,b 1,h,1,t ©0,t 1,t 2,t 3,beta O,beta 1,alpha 0);
a(i)=g-k*v(i).”2/m;

end

plot(t,v,t,a)
legend('brzina', 'ubrzanje',4), xlabel('t-axis')
title('Brzina i ubrzanje padobranca tokom 30 sek nakon skoka')
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Fizicko klatno



Dvostepeno fizicko klatno

Posmatra se dvostepeno klatno sa¢injeno od dva Stapa masa
m, I m, i duzina |, 1 l,, respektivno. Veze medu Stapovima su
zglobne, bez trenja. Sistem osciluje u vertikalnoj ravni
homogenog polja Zemljine teze. Simurati kretanje ovog
sistema kada se sistem 1zvede 1z ravnoteZe.




Matematicki model

« Posmatraju se generalisane koordinate: uglovi 6, 1 6, koje
klatna zaklapaju sa vertikalom

« Napisu se Lagranzeve jednacine druge vrste

OE
4% % e g j-12
dt 06, 06, 06,

gde su: E, kineticka, a E, potencijalna energija sistema




Matematicki model (2)

ad, +bcos(0, —0,)0, +bsin(0, —0,)0% +esin, =0
f0, +bcos(6, —0,)6;, —bsin(0, - 0,)07 +ksind, =0

_ (1 2 _1 _ (L 2 _1m. |2 _ql
a=(zm+my)l, b=smyhl,, e=gGm+my)ly, f=smyly, k=gsm,l,

X1=91, X2 :91, X3:02, X4 :63

. —bf sin(x, —x3)xz —ef sinx; —b®sin(x; — X3) COS(X — X3)X5 + bk COS(¥X; — X3)sin X

X, =
af —b? cos®(x, — X3)
X3 = X4
. b2 sin(x, — X3) COS(X; — X3)X5 +€eb cos(X, — X3)sin X, +absin(x; — X3)x5 —ak sin x;
4=

af —b? cos® (X, — X3)



Simulacija dvostepenog klatna

g=9.81;

ml=1; m2=1;

11=1; 12=0.8;
a=(m1l+3*m2)*11"2/3;
b=m2*11*12/2;
f=m2*1272/3;
e=g*11*(m1+2*m2)/2;
k=12*m2*g/2;

X0 = [0.5; 9; 0; 0];
tout = 0:0.01:10;

[t,fi]=0de45(@klatno,tout,x0,...

[])an)eJ-F)k);
fi=fi(:,[1 3]);
plot(t,fi)
title('Uglovi... ")

function xp=klatno(t,x,a,b,e,f,k)
c=cos(x(1)-x(3)); s=sin(x(1)-x(3)); im=a*f-b"2*c"2;

xp=[ x(2)

1

0.8

0.6

0

-0.2

-0.4

-0.6

-0.8

-1

Uglovi stapova realnog sistema

0.4 |

0.2

3

0

(-b*f*s*x(4)"2-e*F*sin(x(1))-b"2¥*s*c*x(2) 2+b*k*sin(x(3))*c)/im

x(4)

(br"2*c*s*x(4)"2+e*b*sin(x (1)) *c+a*b*s*x(2)"2-a*k*sin(x(3)))/im ];



Animacija kretanja

% koordinate krajeva stapova
x1=11*sin(fi(:,1));
yl=-11*cos(fi(:,1));
x2=x1+12*sin(fi(:,2));
y2=yl-12*cos(fi(:,2));

fig=figure;
axis([-1.2 1.2 -2 0@])
aviobj = avifile('example2.avi')
for i=1:1length(t)
plot([0;x1(i);x2(1i)],...
[0;y1(1);y2(i)],...
".-',"'linewidth',2)
axis([-1.2 1.2 -2 @])
F = getframe(fig);
aviobj = addframe(aviobj,F);
disp(t(i))
end
aviobj = close(aviobj);

hold on
plot(x1,yl,'r")
plot(x2,y2,'r")
hold off
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